This note deals with a nonlinear system of PDEs describing some irreversible phase change phenomena that account for a bounded limit velocity of the phase transition process. An existence result is established by using time discretization, compactness arguments, and techniques of subdifferential operators.
Introduction.
The present analysis is concerned with a nonlinear system of partial differential equations describing irreversible phase change phenomena with bounded velocity of phase transition.
Such a system comes from a recent model, proposed by Fremond, which relies on the consideration that the movements of the microscopic particles may affect the macroscopic phase transition process as well. In particular, our system is to be regarded in the more general framework of phase field models. The literature concerning this kind of model is rather wide and the reader is referred, e.g., to [6] , [7] and the references therein for a detailed analysis.
Here we want to recall the main features of this model, whose derivation was first given in [3] . Let us consider a two-phase substance contained in a domain S7 C R3 and a given final time T > 0. We choose the volume fraction of one of the phases as a state quantity and denote it by x = x(x^)> for x e and t € [0, T\. Hence, x satisfies the relation 0 < x < 1 and, assuming that no voids appear in the mixture, the volume fraction of the other phase is simply given by 1 -x-The absolute temperature 9 = 9(x,t) is the other state variable for the thermodynamical system and it has to be nonnegative. Taking into account the power of the microscopic movements, we address the following energy balance equation:
dte + div q = Bdt\ + H • S7dtx, (1.1) where e denotes the internal energy, q = -k\79 stands for the heat flux vector (i.e., the Fourier law is assumed with constant conductivity k), and B and H are, respectively, a scalar quantity and a vector resulting from the microscopic interior forces. A primer relation between the quantities B and H comes from an application of the virtual power principle. Namely, in the absence of external actions we readily get -divH + £ = 0.
(1.2)
Now, we choose the free energy "I* as *(x.Vx,0) = -cseiog9 ^(0 ec)x + /[".,](x) + ||vx|2, (i. 3) where L > 0 stands for the latent heat at the critical transition temperature 9C > 0, cs > 0 represents the specific heat, the parameter v > 0 is the factor of the interfacial energy term, and /[0,i] (i.e., the indicator function of [0,1]) plays the role of the constraint for the phase proportion Let us point out that (1.3) is the standard choice for the phase field models with constraint on Moreover, we set $(dtx) = ~(dtx)2 + I[o,+oo)(dtx) (1) (2) (3) (4) for the pseudo-potential of dissipation, where /i is a positive coefficient. Note that the above position accounts for the irreversibility of the phase change because of the presence of the term /[0,+Oo)(^tX)-Our choices for the constitutive laws for B and H are provided by
while the internal energy e is related to the free energy and to the entropy s = -<9vl>/88 by the rather classical relationship dV e = <S> + s8 =■* -6 -.
(1.6) oO Actually, it is not difficult to show [8] that in this setting the Second Principle of Thermodynamics is satisfied in the form of the Clausius-Duhem inequality. The balance and constitutive laws-together with (1.3) and (1.4)-yield the following system: the subdifferential of jT[0,i] (resp. /[0,+oo)).
As one can see at once, the full model (1.7)-(1.9) looks very difficult to handle, even after noticing that C<9fX vanishes in (1.7), thanks to the definition of d/[0,+oo)((?tx)-As far as we know, no existence result has yet been obtained for any initial-boundary problem related to the whole system (1.7)-(1.9). Indeed, we are able to mention only investigations devoted to some-more or less-modified versions of such a full model. First, the paper [3] addresses the case when the right-hand side of (1.7) is negligible if compared with the left-hand side quantities (i.e., within the small perturbation assumption: 9 close to 9C and n(dtx)2 ~ 0). Actually, in [3] , the relation csdt9 + Ldtx -kA6 = 0
(1-10)
is considered. The latter is the standard expression of the energy balance equation in phase transition phenomena with Fourier heat flux law (see, e.g., [6] ). An existence result is established for a Cauchy-Neumann problem by introducing a suitable regularization procedure together with a time discretization and deriving some careful a priori estimates. Such a result also holds in the limit case // = 0.
In [4] , the same authors consider the fully nonlinear energy balance equation (1.7), coupling it with an inclusion similar to (1.8) , where anyway a dissipation term is added and only the reversible case is considered. A local existence theorem is then established for the resulting system, by using first a regularization procedure and then a fixed point technique that exploits the dissipation effects through the gain of regularity on dt\-The problem addressed in [4] turns out to admit a global solution in the one-dimensional setting [13] .
In [12] a further step is done in the direction of dealing with the whole system (1.7)-(1.9), considering only n(dtx)2 ~ 0 and allowing the temperature 9 to be far from the critical value 9C. An existence result is obtained via a regularization-a priori estimatespassage to the limit procedure; it must be noted that the role of the irreversibility is crucial in the proofs, since it allows the use of maximum principle arguments.
On the other hand, in [9] , these authors, together with Pierluigi Colli, are able to show an existence result for a system consisting of (1.7) and a modification of (1.8), where the term -A\ is missing (it corresponds to setting v = 0 in (1) (2) (3) (4) (5) (6) (7) (8) ). The latter is the typical inclusion of the phase relaxation model with irreversible evolution (introduced in [10] ). The proof is performed by introducing a regularization procedure combined with a truncation. The derivation of some bounds of the unknowns is a key step and is obtained via the maximum principle and monotonicity arguments. Unfortunately, we are still not able to give a direct answer to the analytical problems arising from (1.7)-(1.9). However, we remark that, from the experimental point of view, it is reasonable to assume that the phase change velocity dtX cannot exceed some finite natural limit A. In this concern, we are led to consider a different class of constraints on dtX accounting for the limit velocity A. A straightforward choice would be to replace I[o,+oo) by in (1.4). Clearly, this approach provides a good approximation of the above full model, when A is large enough. Moreover, we are aware of some strictly related situations where an L°° a priori bound on dtX may be achieved ( [9] , [13] almost everywhere in the space-time domain. In this setting the boundedness of dtX is straightforward and turns out to be a very useful feature for the sake of an analytical investigation.
On the other hand, the term £<9tx does not vanish in (1.11), whence one has to deal with the further presence of a maximal monotone graph in the energy balance equation. Anyway, if we rewrite (1.11) as csdt0 -kA9 = dtX + vdtx + , (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) a simple comparison in (1.12) leads to
Thus, we can deal either with (1.14)-(1.12) or with the equivalent system (1.15)-(1.12). Let us also point out that more general classes of constraints could be admissible for the phase variable than those provided by (1.13). In particular, from a mathematical point of view, in this analysis we are able to deal with a general maximal monotone graph /3 in place of the 9J[0,i]-Clearly, for the purpose of a rigorous study, (1.12)-(1.14) have to be complemented with some initial and boundary conditions. We prescribe 6»(-,0) = 6»o, x(-,0)= xo a.e. in fi, (1.16) dn9 = dnx = 0 a.e. on dtt x (0, T), (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) where n stands for the outer unit normal vector to the boundary dfl. Actually, the boundary condition on x seems to be natural and may be rigorously motivated in the framework of the derivation of the model. As for 9, we point out that other choices are admissible. Our existence result still holds, with minor changes in the proof, for suitable Dirichlet, Robin, and nonhomogeneous Neumann boundary conditions, while the positivity of the (absolute) temperature should require some further compatibility properties. We finally remark that, for simplicity, most of the physical constants appearing in (1.12) (1.14) will be set equal to 1 in the sequel.
The remainder of the paper is organized as follows. The next section deals with the notation, the assumptions, and the statement of the main result. In Sec. 3 we introduce a family of approximating problems through discretization and regularization procedures and prove their well-posedness.
Next, Sec. 4 is devoted to the derivation of a rather unusual a priori estimate (independent of the approximation parameters) where the boundedness of dtX is a key point. In Sec. 5, we pass to the limit by using compactness and semicontinuity tools, recovering a solution of the original problem. Finally, Sec. 6 is concerned with the proof of the essential normegativity of the (absolute) temperature 9, which is based on a standard maximum principle argument.
Main results.
First of all, let us introduce some notation. Let SI be a smooth and bounded domain of Rd (d > 1) and T > 0 an assigned final time. We denote by F the boundary of Q and set E:=Fx (0, T), Qt '■= x (0, t), for t G (0, T], and Q := Qr-
We also denote by n the outer normal unit vector to SI at the points of F. Moreover, in the following we shall write H := V := H1(Cl) and identify H with H\ in order that the compact inclusions chain V C H C V' holds. The symbol | • | will stand for both the norms in H and in Hd, and the notation (•, •) will be used for the scalar product of H. Finally, we can set W {v G H2(fl) such that dnv = 0 on T}; (2-1)
clearly, we have that W C V with compact inclusion. We now start by listing the main mathematical hypotheses of our work. First, we introduce two convex, lower semicontinuous, and proper functions
satisfying the following properties:
where A > 0 is an assigned constant accounting for the limit velocity of the phase transition process, and D(<j>) (resp. D(ip)) denotes the effective domain of <j> (resp. ijj).
We can now set a := d4> and /? := dtp\ then, a and /3 can be seen as maximal monotone graphs in R x R (we refer to [5] for more details). Moreover, we assume 9C > 0 assigned constant, (2) (3) (4) #o £ V, 0 < 80 a.e. in SI, (2 0 <6 and 0 < dtx < A a.e. in Q, (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) and such that the following equations hold a.e. in Q:
dt9-A6 = dtX(dtX + Z-0), (2.12) dtx + (-A X + V = 0~0c, (2.13) £ G a(dtx) and 77 e /3(x)-(2-14)
Moreover, the following initial conditions hold:
0(x, 0) = 9q(x) and 0) = Xo{%) a.e. hi f2.
(2-15)
The proof of the above theorem will be carried out throughout all the remainder of the paper; for the present, we just give some further remarks about the structure of our system. Actually, as we already mentioned in the Introduction, the right-hand side of (2.12) can be rewritten by exploiting the structure of (2.13). Namely, dt6 -A0 = dtX(AX -77 -0C).
(2.16) Clearly, the couple (2.12)-(2.13) is absolutely equivalent to (2.16)-(2.13); hence, either structure of the energy balance equation will be indifferently used in the sequel. Moreover, we point out that the highly nonlinear character of the system (2.12)-(2.13) does not allow us to prove any uniqueness result, even in the case of (3 Lipschitz continuous [3, 9] . Indeed, although the global boundedness of dtX is guaranteed by the constraint a, we are not able to estimate the product dtx£, on the right-hand side of (2.12), which involves a multivalued operator. Even if the equivalent structure provided by (2.16) is chosen for the energy equation, a similar problem arises when one considers the term dtxAx-3. Time discretization.
We now introduce an approximate formulation of the system (2.12)-(2.15) and prove an existence result for such a regularized problem. Our method is essentially based on a backward time discretization. However, some preliminary work is needed.
First of all, we have to substitute the graph j3 in (2.13) by its Yosida regularization f3e, where e is the approximation parameter.
Referring to [5] for more details, we just recall here that (3e is a Lipschitz continuous graph. In addition, we denote by A the realization in H of the elliptic operator -A with Neumann boundary conditions simply given by A:W -> H, Av:= -Av Vv £ W. We are in the position of proving an existence result for the above scheme. Proof. We are going to proceed by induction on i. Indeed, we assume to know (0t-1,X1-1) e W2 (see (2.5)-(2.6)) and we look for (0z,xl,C) e (W x W x H). Our argument consists of the following two steps: 1. We consider the system (3.3)-(3.4) and observe that the right-hand side of (3.3) is known at level i. Then, we find a solution (x\ C) €.WxH to (3.3)-(3.4). 2. Inserting the component xl °f this solution into (3.2) and owing to the second condition of (2.3) and to the Lipschitz continuity of /3e, we verify that the right-hand side of (3.2) is a known function of H. Thus, if we find 9l satisfying (3.2), then it is immediate to check that the triplet (0®,xl>£1) solves (3.2)-(3.4).
Indeed, while the second step can be carried out by using the standard techniques for elliptic equations, the key point is 1., i.e., the resolution of (3.3)-(3.4) for any given (0*~\xt_1) € W2. To this end, let us rewrite that system as the equivalent inclusion r6»'_1 -t6c + x1-1 ex'+™ (~ -1 + t(Ax1 + Pe(xl), (3) (4) (5) where all the known terms have been collected on the left-hand side. Actually, we would like to exploit the well-known results on the maximality of sums of monotone operators, holding under particular regularity conditions. Unfortunately, in order to fit the latter, also the graph a in (3.5) has to be regularized by its Yosida approximation a.a. Now, since xl_1 ls a datum, the operator Now, in order to remove the cr-approximation, we just test the cv-regularized version of (3.5) by (Id +A)(xJr -Xl_1)i where Id stands for the identity in H. Denoting by /l_1 the left-hand side of (3.5) and using the monotonicity of aa and the property 0 = 0^(0), which is a consequence of (2.3), we easily infer
Then, performing standard integrations by parts, using the monotonicity and Lipschitz continuity of (3£, and denoting by C, a positive constant depending on r, £, but not on (j, we deduce IXct|2 + (1 + r)|Vxt|2 + r\AXU2\xU2 < Ci(llx'"111^ + l/i_1|2)-(3-8)
From the above relation it immediately follows that, for some x' £ X^ ->• x1 weakly in W and strongly in V. (3.9) Proceeding by comparison in the <7-regularization of (3.5), we also derive that, for some We observe that it is essential to remove the <j-approximation at the discretized level. Indeed, in the subsequent passage to the limit with respect to the approximation parameters e and r, we shall strongly exploit the global boundedness of (X1 ~ Xt-1)/T' which is ensured by the presence of the constraining original graph a.
A priori estimates.
In this section we aim to establish some a priori estimates on the time-discrete solutions whose existence has been proved above. For the sake of clarity, we introduce some notation. The above notation (4.1) refers only to r and not to e as one would expect. This apparently misleading choice causes no confusion and is motivated by the sake of clarity.
Indeed, as will be evident in the next section, we will pass to the limit simultaneously in both r and e. Namely, we aim to consider some £ = e{t) vanishing indeed as t -> 0. In this concern, relations (4.2)-(4.4) represent an approximation scheme also for the original problem (2.12)-(2.14)
(not only for the regularized problem with f3e in place of (3).
We are now in the position of proving our estimates. First of all, note that we obviously have dtXr G D(a) a.e. in Q; thus 0 < dtXr < A a.e. in Q.
(4-7)
Actually, this bound turns out to be critical for the sequel. We begin by multiplying Eq. Proof. Denoting by 7e the Yosida approximation of 7, we consider the following elliptic problem:
ue + Aue + 7£(m£) = u + Au + £ in H, (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) admitting, of course, a unique solution u£ G W. Since 7£ is Lipschitz continuous, there are no difficulties in deriving the natural a priori estimates for the above problem, leading to the following convergences, which hold, for some v G V, up to the extraction of subsequences (actually uniqueness will guarantee them for the whole sequences):
ue -> v weakly in V and strongly in H, (4-14)
Aue -> Av weakly in H, Our next aim is to control the last term on the left-hand side of (4.10). Indeed, it is a standard matter to check that = t J w|J>o, where u> = {Sx1 7^ 0} and we exploited the monotonicity of a and (3e, together with 0 G a(0). for a proper constant C2 depending on data but independent of both r and e. Owing to (4.21) , it is straightforward to obtain by a comparison in (4.2) and (4.3) that II<M|l2(0,T;W0, ll^r IU°°(0,r;H) < C3, (4.22) where C3 has the same dependences as C2-Before passing to the limit, let us point out some useful estimates 011 the difference of approximate solutions. Indeed, it is straightforward to verify that I t || L2 (0,T\H) i ||Xr -Xt\\l2(0,T;V) < C2T, (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) (22) (23) ||#r -0T ||l°°(0,T;//)) Pt -Tt6t\\Loo(0T-,H), ||Xr ~ Xt II L°° (0,T;V) < C2\[t, (4.24) as a direct check provides. Remark 4.2. For the sake of numerical purposes, it is worth rioting that the above detailed time discretization procedure may be easily extended to variable time step partitions of the interval [0, T]. Although the approximation argument developed here serves perfectly to the aim of proving Theorem 2.1, we stress that this analysis may be easily reproduced for a partition V = {0 = to < h < ■ ■ ■ < tw-i <tw = T} with a variable time step tv := ti -ti-1 for i = 1,..., N and a diameter r := maxi<j<jv 7"iFrom this point of view, our procedure seems to have an additional numerical interest. Indeed, the only constraint imposed to the time step sizes is r < (4Ci(A2 + l))-1. Thus, the latter time steps may be chosen adaptively, being possibly tailored to some further numerical consideration.
Passage
to the limit. In order to prove Theorem 2.1, we aim to pass to the limit simultaneously with respect to both of the approximation parameters e and r in relations (4.2)-(4.4). Namely, we set £ -e(t) such that e(r) -> 0 as r -> 0.
In this setting, all the forthcoming passage-to-the-limit procedures will obviously refer just to r. Thanks to well-known compactness results, estimates Clearly, we can consider the limit 9 (resp. x) of either 9r or 9T (resp. Xt or xT), thanks to (4.23)-(4.24). Moreover, by the generalized Ascoli theorem (see, e.g., [14, Cor. 4] ) and (4.24) , the following convergences may also be inferred:
0T -* 9 strongly in C°([0,T]; H), Next, we take the limsup of both sides of (5.14) as r goes to 0. We remark that Vt -0e{xT) = dMXr) (recall that (3 = dip), where denotes the Yosida approximation of ijj. Then, we integrate in time and, using, e.g., [5 This is enough to pass to the limit in (5.19), showing indeed that our solution satisfies (2.12) as well. 6 . Positivity of the temperature. We conclude the proof of Theorem 2.1 by establishing the essential nonnegativity of the temperature 6. To this aim, we are going to prove a suitable maximum principle. Indeed, we multiply Eq. Since (2.5) holds, we readily get that I\ = 0. Moreover, the term 1%(t) turns out to be obviously nonpositive for all t > 0. Then, owing to (2.3) and (2.14), we easily deduce that dtxi > 0 a.e. in Q. Namely, we have that £ < 0 if and only if dtx vanishes; thus also Is{t) is nonpositive for all t > 0. As regards Ii(t), it is a standard matter to check that dtX®6~ --dtx{6~)2 < 0 a-e-in Q-Collecting all the above considerations, one has that the right-hand side of (6.1) is nonpositive. Hence, we infer that |6r(f)|2 = 0 Vte(0,T) and relation (2.11) is completely proved. This concludes the proof of Theorem 2.1. Remark 6.1. Let us point out that the nonnegativity of the discrete temperature 0T may not be deduced from a time discrete analogue to the argument above. Indeed, this possibility fails since the term rir h(ir) = / dtXT%-0T(eTy Jo which corresponds to Ii{t) above, turns out to be nonnegative whenever we ask for 0T > 0 a.e. in Q x (0, (i -l)r) in the framework of an induction proof.
